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Abstract 



Let M be a finitely generated module on a local ring R and : Mq C Mi C 
CN I . . . C Mt = M a filtration of submodules of M such that do < di < . . . < dt = d, 

where di = dimMj. This paper is concerned with a non-negative integer pjr[M) 
^ ■ which is defined as the least degree of all polynomials in ni,. . . ,nd bounding 

, above the function 

^ : ^(M/(xf , . . . , x''/)M) - m . . . UdMxu Xd^Mi). 

~' i=0 

We prove that pj^{M) is independent of the choices of good systems of parameters 
, X = xi, . . . ,Xd- When is the dimension filtration of M we also present some 

' relations between pjr(M) and the polynomial type of each Mi/Mi-i and the 

. dimension of the non-sequentially Cohen-Macaulay locus of M. 

Key words: multiplicity, dimension filtration, filtration satisfies the dimension 
_ condition, good system of parameters. 

2 '• AMS Classification: 13H15, 13H10, 13C15. 

o ■ 

1 Introduction 

•i-H 

' Let {R, m) be a commutative Noetherian local ring and M a finitely generated R- 

module of dimension d. We consider a finite filtration J-" : Mq C Mi C . . . C Mt = M 
of submodules of M such that dim Mq < dim Mi < . . . < dim Mt = dim M. Such a 
filtration is said to satisfy the dimension condition. Let system of 

parameters of M. Then x is called a good system of parameters with respect to J-" if 
Mi n {xdi+i, . • • , Xd)M = for z = 0, 1, . . . , t — 1, where di = dimMj. Set 



lT,Mi^) = ^{M/xM) - J2 • • • , a;^,; Mi 
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where e(xi, . . . , x^.; Mj) is the Serre multiphcity of Mj with respect to Xi, ... ,Xdi- De- 
note x{n) = a;"\ . . . , x^"^ for any d-tuple of positive integers rii, . . . , n^. It is shown in 
|CC1] that /jf,m(;^) is non-negative and I^^Mixin)) is non-decreasing as a function in 
rii, . . . , Hd. In fact, /j-.a/ (x(n)) is not a polynomial in ni, . . . , in general. However, it 
can be seen easily that this function is bounded above by a polynomial. In this paper 
we study the least degree of the polynomials bounding above /j-,M(ai(n)) and show that 
this degree is independent of the choices of good systems of parameters with respect 
to J-". This is the content of the following theorem. 

Theorem 1.1. Let T : Mq C M\ C . . . C Mt = M be a filtration of submodules of 
M satisfying the dimension condition and good system of parameters 

with respect to T . Then the least degree of all polynomials in ni, . . . ,nd bounding above 
the function lT,M{x{n)) is independent of the choice of x. 

The least degree mentioned in Theorem 11.11 is denoted by pjr{M). Let J-q : C 
M be the trivial filtration of M. Then every system of parameters of M is good 
with respect to J-q. By applying Theorem 11.11 in this case we get again one of the 
main results of jC]. Note that in that paper the invariant pjr^{M) was called the 
polynomial type of M and denoted by p{M). Under some mild assumptions, there 
are very closed relations between the polynomial type p{M) and the annihilators of 
the local cohomology modules and the dimension of the non-Cohen-Macaulay locus 
of M. In general it is natural to question how to relate pjr{M) with other known 
invariants of M. In the present paper we have not yes had a general answer to this 
question. When the filtration is the dimension filtration of M, i. e., a filtration 
V : Do C Di C . . . C Dt = M where Di is the biggest submodule of -Di+i such that 
dim Di < dimZ^j+i, we give an explicite relation of p-ri{M) with the polynomial type 
p{Di/ Di_i) and the dimension of the non-sequentially Cohen- Macaulay locus Vm of M 
provided i? is a quotient of a Cohen- Macaulay ring. 

Theorem 1.2. Let R be a quotient of a Cohen- Macaulay ring and V : Dq G Di (Z 
. . . G Df = M the dimension filtration of M. Then we have 

pv{M) = max{p(A/A-i) : i = 1, 2, . . . , t} = dim Vm- 

The paper is divided into six sections. Some preliminaries on filtrations satisfying 
the dimension condition and good systems of parameters are given in Section 2. Section 
3 is devoted to proving Theorem 11.11 In Section 4 we investigate the behavior of 
the dimension filtration and good systems of parameters under localization. These 
results are used to relate px>{M) with the invariants p{Di/Di_i),i = 1, . . . ,t and the 
dimension of the non-sequentially Cohen-Macaulay locus of M in Section 5 where we 
prove Theorem 11.21 The behavior of the invariant pjr{M) under fiat extensions is 
studied in the last section. 

2 Preliminaries 

Throughout this note, let (i?, m) be a commutative Noetherian local ring and M a 
finitely generated i?-module of dimension d. In [CCl] , |CC2] the notions of filtrations 
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satisfying the dimension condition and good system of parameters have been introduced 
to study the structure of sequentially Cohen-Macaulay and sequentially generalized 
Cohen-Macaulay modules. In this section we recall briefly the definitions and some 
first properties of these notion those are used in the remains of this note. For more 
details we refer to the papers |CC1] . |CC2] . 

Definition 2.1. (i) We say that a finite filtration of submodules of M 

7 : Mo C Ml C ■ ■ ■ C Mt = M 

satisfies the dimension condition if dimMo < dim Mi < ... < dimMt_i < dimM, 
where we stipulate that dimM = — oo if M = 0. 

(ii) A filtration V : Dq G Di G ■■■ G Dt = M is called the dimension filtration of M 
if the following two conditions are satisfied 

a) Z^i-i is the largest submodule of Di with dim -Dj_i < dim Di for i = t,t — l, . . . ,1; 

b) Dq = H^{M) is the 0**^ local cohomology module of M with respect to the 
maximal ideal m. 

(iii) Let J-" : Mq C Mi C . . . C Mt = M be a filtration satisfying the dimension 
condition with di = dimMj. A system of parameters x = xi, . . . ,Xd of M is called a 
good system of parameters with respect to the filtration if M, f](xrf.+i, . . . , Xd)M = 
for i = 0,l,...,t — 1. A good system of parameters with respect to the dimension 
filtration is simply called a good system of parameters of M. 

Remark 2.2. The dimension filtration always exists and it is unique, in this note we 
will denote the dimension filtration by 

V:DoGDiG...GDt = M. 

In fact, let = f] N{p) be a reduced primary decomposition in M, then Di = 

peAss(M) 

n Nip). 

dim ij/p>dim Di-^.l 

Remark 2.3. Good systems of parameters always exist (see |CClj . Lemma 2.5). Us- 
ing the notations as above, denote di = dim Di and Ni = f] N{p). Then 

dim i?/p<dim Di 

Di n Ni = 0. By the Prime Avoidance Theorem, there is a system of parameters 
X = Xi, . . . ,Xd of M such that Xd^+i, ■ ■ ■ ,Xd G Ann(M/A^j), i = 0, . . . ,t. Hence 
. . . ,Xd)M n Di = and x is a good system of parameters of M. It should 
be noted that in the last part of this note we sometimes use this idea to show the 
existence of good systems of parameters of some modules which satisfy some expected 
properties. 

Remark 2.4. Let be a submodule of M. From the definition of the dimension filtra- 
tion there exists a module Di such that N G Di and dimA^ = dim Di. Consequently, 
if Mq G Ml C . . . C Mfi = M is a filtration satisfying the dimension condition then 
there are ^ iq < ii < . . . < if such that Mj G Di^ and dimMj = dim Di^. Thus a 
good system of parameters is also a good system of parameters with respect to any fil- 
tration satisfying the dimension condition. Therefore good systems of parameters with 
respect to a filtration satisfying the dimension condition always exist by the previous 
argument. 
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3 Proof of Theorem 



1.1 



In this section we always denote by T : Mq C M\ C . . . C Mt = M a filtration 
of submodules of M satisfying the dimension condition and x = x\,...,Xd a good 
system of parameters of M with respect to T . Put rfj = dimMj. It is easy to see that 
Xi, . . . , is a system of parameters of Mj for z = 1, . . . , t. So the following difference 
is well defined 

t 

It Mix) = i{M/xM) - J2 • • • , a;^,, M,), 

where e(xi, . . . , x^.; Mj) is the Serre multiplicity and we set e(xi, . . . , Xd^', Mq) = £{Mq) 
if Mq is of finite length. Note that for the case J-" is the trivial filtration C M, 
-^j'.Aflai) is just the difference Im{x) = i{M/xM) — e{x, M) which is well known in 
the theory of Buchsbaum rings. In the general case, it is proved in |CCll Lemma 2.7] 
that I^^ix) is non- negative. Therefore, this is a generalization of the well known 
inequality i{M/xM) ^ e{x,M) between the length function and multiplicity of a 
system of parameters . Moreover, set x{n) = . . . ,x^'^ for any (i-tuple of positive 
integers n = rii, . . . ,nd, we can consider lT,Ai{x{n)) as a function in rii, . . . ,nd. By 
|CC11 Proposition 2.9], lT,M{x{lk)) is non-decreasing, i. e., iT^^xin)) ^ -^jp-,M(ai(?z?;)) 
for all Hi ^ rTij, i = l,...,d. The function Ij^^m{x{h)) has been first considered in 
|CClj . |CC2j and is a useful tool in the study of the structure of sequentially Cohen- 
Macaulay and sequentially generalized Cohen- Macaulay modules. We begin with some 
lemmas which is needed in the proof of Theorem 11.11 

Lemma 3.1. Let T : Mq C M\ C . . . C Mi = M be a filtration satisfying the 
dimension condition and x = xi, . . . ,Xd, y = yi, . . . ,yd good systems of parameters of 
M with respect to T . Then there exist a good system of parameters z = zi, . . . , Zd of 
M with respect to T and positive integers ri, . . . , r^, s such that zi . . . ,Zi, x^'^l , . . . , x^/ 
and zi . . . ,Zi, ■ ■ ■ .Vd ^^^^ fl'ooc? systems of parameters of M with respect to T for 
i = 1, . . . ,d and 

{x[^ x''/) + AnnM (1 {zi,xl^ . . . , x''/) + AnnM C . . . C (z) + AnnM 
C {z,, . . . , Zd-u Vd) + AnnM C . . . C {y^ . . . , y^) + AnnM. 
Proof. Let f] N{p) = be a reduced primary decomposition of the zero submod- 

peAss(M) 

ule of M, where N{p) is a p-primary submodule. Since 

M,/(M, n N{p)) = (M, + N{p))/N{p) C M/N{p), 

it follows that Mi 2 N{p) if and only if Ass{Mi/Mif]N{p)) = {p}, i. e., Mif]N{p) 
is a p-primary submodule of Mj. Hence Mj C A^(p), if p ^ AssMj. Therefore Mj C 
n A^(p)- This implies that VAnuMj = y/AnnM/Ni, where Ni = f] N{p). 

p^AssMi pgAssAfi 

Set di = dimMj. Since x and y are good systems of parameters of M with respect 
to J-", we have {yd^+i, ■ ■ ■ ,yd) ^ AnnMj. Hence there is a positive integer s such 
that (y^.+i, . . . ,yd) ^ AnnM/Ni for alH = 1, . . . , t. Similarly, replace x, with x" for 
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large enough n, we can assume without any loss of generality that (x^.+i, . . . ,Xd) C 

AnnM/Ni for alH = 1, . . . , t. 

Next, we claim that there is a good system of parameters w = wi, . . . ,Wd with 

respect to J-" such that for all i G {0, 1, . . . , d}, wi, . . . , Wi, Xj+i, . . . ,Xd and wi, . . . , Wi, 

y^_^_i, . . . , are good systems of parameters of M with respect to J-'. In fact, the 

case 2 = is trivial. Assume that i > and we have chosen wi, . . . , Let S be 

the set of all minimal associated prime ideals of M/ {wi, . . . , Xj+i, . . . , Xd)M and of 

M/{wi, Wi-i, 7/^+1, . . . , yd)M. Since wi, . . . , Wi-i, x^, . . . , and wi, . . . , y^, ...,yd 

are system of parameters of M, {xi.yf) ^ U P- Assume that dj < i ^ dj^i for 

pes' 

some j. Keep in mind that {xi^yf) C Kmi{M /Nk)- Therefore we can choose 

an element G Ann(M/A^fc) such that Wi ^ p for any p G S". It follows that 

Wi, . . . , Wi, Xj+i, . . . ,Xd, Wi, . . . , Wi, yf+i, ■ ■ ■ ,yd are systems of parameters of M. By 
the first part of the proof and the choice of Wi we have for all k ^ j, 

...,Wi, Xi+i, Xd)M C Nk, 

{wd^+i, ...,Wi, . . . , yd)M C Nk. 

Therefore 

(wrf^+i, ...,Wi, Xi+i, Xd)M n Mfc = {wd^+i, ...,Wi, . . . , |/^)M n Mfc = 0. 

Thus Wi, . . . , Wj, Xj+i, . . . ,Xd, Wi, . . . , Wi, 1/1+1, ■ ■ ■ ,yd ci^re good system of parameters of 
M with respect to J-" and the claim is proved. Now, by inductive method there are 
positive integers ti, . . . ,td such that 

tv^ G {w\' wti ,yt,...,yd)+ AnnM. 

Set Zi = wl'. Then it is easy to check that Zi, . . . , Zd is the required systems of param- 
eters, where ri, . . . , can be chosen so that 

e{zi,...,Zi, x^lY, ...,x'/)+ AnnM. 

□ 

Lemma 3.2. Let x, y be two good systems of parameters of M with respect to T . 
Assume that there exists a positive integer i such that xj = yj for all j ^ i and 
(y) + AnnM C (x) + AnnM. Then I^^ii^ ^ IrMiy)- 

Proof. We prove the lemma by induction on d = dimM. The case ci = 1 is obvious. 
Assume d > I. Since i{M/{x)M) - e{x; M) ^ i{M/{y)M) - e(y; M) by P, the case 
i = d is proved. Assume now that i < d. From Lemma 2.7 of ^CClj . xi, . . . ,Xd-i is 
a good system of parameters of M/xdM with respect to the filtration satisfying the 
dimension condition 

T/xdT : (Mo + XdM)/xdM C . . . C (M, + XdM)/xdM C M/x^M, 

where s = t — 1 if dt-i < d — 1 and s = t — 2 if c/t„i = d — 1, and 

It,m{^) = Ir/xaTM/xdM{xi, Xd-i) + e(xi, . . . , Xd-i] :m Xd/Mt-i), 
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iTM^y) = h/xaJ'M/xdMiyi, • • • , Vd-i) + e{yi, Vd-i] :m Xd/Mt-i). 
Therefore It,m{,x) ^ IrMiv) the induction hypothesis and the fact that 

e{xi, Xd-i; -.M Xd/Mt-i) ^ e(?/i, . . . , yd-i\ :m Xd/Mt-i). 

□ 

Lemma 3.3. Let he a filtration satisfying the dimension condition andx = Xi, . . . ,Xd 
a good system of parameters with respect to T . Assume that Ij^,m{.x) 0- Then there 
is a constant c such that lT,Ai{x{n)) ^ cni . . .ndlr^M^x) , for all ni, . . . ,nd > 0. In 
particular, lT,M{x{n)) is bounded above by a polynomial in ni, . . . ,nd. 

Proof. By [Cl Lemma 2.1] we have 

£{M/{x{n))M) -ni... nde{x; M) ^ rii . . . nd{i{M/{x)M) - e{x; M)) . 

Hence 

lT,KM{n)) ^ni... nd[l{M/{x)M) - e(x; M)) ^ cui . . . Udl^Mi^)^ 
where c = (£(M/(x)M) - e(x; M)) //^,m(x). □ 

Note that without the assumption Ij^^m{x) 7^ the lemma is no longer true. The 
examples can be found in |CCH Example 4.7]. 

Corollary 3.4. Let x, y be two good systems of parameters of M with respect to T as 
in Lemma W^ Assume in addition that Ij^^M^y) 7^ 0. Then there is a constant c such 
that 

It,m{x\, . . . , x*J ^ cI:p^m{.x\, x\_^,yl, x\^^, • • • , 4) 
for all positive integers t. 

Proof. It is straightforward by Lemmas 13.21 and 13. 3[ □ 

Proof of Theorem 11.11 Let x and y be two good systems of parameters of M with 
respect to J-". Denote the least degree of the polynomials bounding above the functions 
Ij^,M{x{n)) and Ij^^Miyijl)) by Pt,m{x) and pj^^uiy), respectively. It is enough to prove 
that Pt^m{.x) > pj^^miy)- It is nothing to prove if Ij^^M{y{]l)) = for all Ui, . . . ,nd. 
Therefore, by virtue of the non-decreasing property of the function lT,Miyil^))y 
assume in addition that lT,M{y{n)) 7^ for all ni, . . . ,nd. By Lemma 13. 1[ there exist 
s,ri, . . . ,rd > and a good system of parameters z = zi, . . . , Zd with respect to J-' such 
that 

{x[^ ,...,x''/)+ AnnM C (zi, . . . , x"^/) + AnnM C . . . C (z) + AnnM 

C {z,, . . . , Zd-i, y'd) + AnnM C . . . C {y^ . . . ,yl) + AnnM. 

where zi, . . . ,Zi, x^'^^ , . . . ,x^f and zi, . . . , Zj, yf+i, ■ ■ ■ ,yd are good systems of parameters 
of M with respect to J-". Applying Corollary 13.41 (2(i)-times to the above sequence of 
systems of parameters, we get 
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for all positive integers t, where c is a constant depending only on the systems of 
parameters yf, . . . ,y^, x[^, . . . , and z. For any rf-tuple ni, . . . , n^, we set t = rii + 
. . . + Hd- Then 

ir,M{yT. y7) ^ Mvi, • • • , yf, yf) ^ {cri^M4'\ • • • , ^'I')- 

Therefore, if F{ni, . . . , no) is a polynomial bounding above /jr,M(a^i\ • • • , x^"^), we have 
lT,Miyi\ • • • ) yd"") ^ (c)^'^F(rini + . . . + nud, r^ni + . . . + rdUd). 

The last function is a polynomial in ni, . . . , of the same degree as F{ni, . . . , n^). 
This implies that Pt,m{x) > Vtm^j)- 

Since every system of parameters of M is good with respect to the trivial filtration 
J-Q : C M, we get the following immediate corollary which is one of the main results 
in [Ul Theorem 2.3]. 

Corollary 3.5. Let x = xi,...,Xd be a system of parameters of M and n = ni,...,nd 
a d-tuple of positive integers. Then the least degree of all polynomials in n hounding 
above the function Im{x{h)) = i{M/x{n)M) — e{x{n), M) is independent of the choice 
ofx. 

Recall from [CN] that an i?-module M is called a sequentially Cohen- Macaulay 
module (respectively, generalized Cohen-Macaulay module) if there is a filtration sat- 
isfying the dimension condition J-" : Mq C Mi C . . . C Mt = M such that Mq is of 
finite length and each Mi/Mi^i is Cohen-Macaulay (generalized Cohen-Macaulay) for 
i = 1, . . . ,t. By virtue of |CCll Theorem 4.2] and |CC2t Theorem 4.6], we get the 
following consequence of Theorem 11.11 We stipulate here that the degree of the zero 
polynomial is — oo. 

Corollary 3.6. M is a sequentially Cohen-Macaulay module (respectively, sequentially 
generalized Cohen-Macaulay module) if and only if there is a filtration J-" satisfying the 
dimension condition such that pjr[M) = — oo (respectively, pjr{M) ^0). 



4 Localization 

In the rest of this paper, we denote hj V : Dq G Di G . . . G Dt = M the dimension 
filtration of M with di = dimMj. Then, for any p G SuppM there exist non negative 
integers s/, . . . , Si, (i > > . . . > si > 0, which are determined recursively as follows. 
si is the least integer such that Mp = (-Dsjp and Si is the least integer such that 
(Z)s.^^_i)p = {Ds-)p for all z = / — 1, . . . , 1. In this section we show that for each 
localization of a module at a prime, there are good systems of parameters of the 
module such that a part of it is also a good system of parameters of the localization. 
We first have some lemmas. 

Lemma 4.1. With the notations above and assume that R is catenary, then the filtra- 
tion Vp : (-Dsjp C (-Dsjp C . . . C (-D^Jp = Mp is the dimension filtration of Mp. 
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Proof. We need only to show that (D^. Jp is the biggest submodule of (-Dsjp with 
dim{Ds-_-^)p < dim{Ds^)p for the case i = I, the other cases are proved similarly. For 
an i?-module N, denote Assh(A^) = {q G Ass(A^) : dim_R/q = dimA^}. Then it follows 
by Remark [2^ i) that Ass{DsjDsi-i) = Assh{DsjDsi-i). Therefore, by the choice of 
si-i and the assumption R is catenary, we get dim{DsJ Dsi_Jp = dim{DsJ Dsi-i)p = 
— dimi?/p. This implies that 

dim(D^;_Jp ^ ds^_^ - dimi?/p < dim{DsJ Dsi_,)p ^ dim(L'^Jp. 

So (Dsj jp is the biggest submodule of (-Dsjp with dim{Ds^_^)p < dim(DsJp by Remark 
E2](i) again. □ 

From now on, for a p G Supp(M) we always denote the dimension filtration of Mp 
by Dp : (-D^Jp C {Ds^)p C . . . C (-D^Jp = Mp, where Si, . . . , s; are determined as in the 
beginning of this section. Belows are some basic properties of this filtration. 

Lemma 4.2. Let x = Xi,...,Xd be a good system of parameters of M and p G SuppM, 
p 7^ m. Assume that R is catenary. Then 

(i) {Dj)p = (Ds^, for all Si ^ j < Si+i, i = l,...,l. 

(n) {Xd.^+u • • • , a^d) C Ann/jpMp. 

(in) Assh(L)s-)p = {qi?p : q G AsshD^i, q ^ p} (^nd 

dimD^. = dim(L'^Jp + dimi?/p, 

/or? = 1,...,/. 

Proof, {i) is a consequence of the definition of the dimension filtration Vp. 

ill) Since x is a good system of parameters, we have Ds^ fl (x^^^+i, . . . , Xd)M = 0. This 
implies that 

Mp n (xd^^+u • • • , Xd)Mp = {Ds,)p n (xd^^+u . . . , Xd)Mp = 0. 
Hence, (0:^,^+1, . . . , x^) C AnuR^Mp. 

{Hi) Since Pp is the dimension filtration of Mp by Lemma [4. 1^ we get 

Assh(D,Jp = AssiD,jDs^_^)p = Ass(D,yD,^_i)p. 
Then the assertions can be shown as in the proof of Lemma 14. 1[ □ 

Proposition 4.3. Let R be a catenary ring and p G SuppM. There exists a good 
system of parameters x = xi, . . . ,Xd of M such that Xr+i, ■ ■ ■ ,Xs is a good system of 
parameters of Mp, where r = dimi?/p and s = dimMp + dimi?/p. 

Proof Put di = dim A. By Remark Qi), A = ndim(ij/p)>d,+i ^(P) where = 
ripgAssA/ ^(P) ^ reduced primary decomposition in M. Put Aj = f] N{p). 

Then Di Ci Ni = and dim(M/A^i) = di. Since r = dimi?/p, by the Prime Avoidance 
Theorem there exists a system of parameters x = xi, . . . ,Xd such that Xdi+i, ■ ■ ■ ,Xd G 
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Ann(M/iVj) for alH = 0, 1, . . . , t and (x^+i, . . . , Xd) C p. We show that x is the required 
system of parameters. In fact, since {xd^+i, ■ ■ ■ , Xd)M fl C iVj n = 0, a; is a good 
system of parameters of M . By Lemma 14.11 the dimension filtration of Mp is of the 
form 

Since r = dim_R/p and (xr+i, . . . ,Xd) C p, the i?p-module Mp/(xr.+i, . . . ,Xrf)Mp is of 
finite length. On the other hand, by Lemma 14.21 we get (x^+i, . . . , X(i)Mp = and 
s = dimD^j. Therefore Xr_i_x , . . . , Xg IS a system of parameters of Mp. Since x is a good 
system of parameters, (x^^ . . . , Xd)M H Dg = for any j = 1,2, ... ,1. Hence 

(xd^^+i,...,a;rf)Mpn(D,Jp = 0. 
Thus Xr+i, . . . , Xds^ is a good system of parameters of Mp as required. □ 



5 Proof of Theorem 1.2 



In [C] the first author had showed that the least degree of all polynomials in ni, . . . , 
bounding above the difference i{M/x{n)M) — e{x{n); M) is independent of the choices 
of the system of parameters x and he denoted this invariant by p{M) and called it 
the polynomial type of M. In our circumstances, this polynomial type is just the 
invariant pjrg(M), where J-q : C M is the trivial filtration of M. When i? is a 
quotient of a Cohen-Macaulay ring, it is well-known that the non-Cohen-Macaulay 
locus nCM(M) = {p G SuppM : Mp is not Cohen-Macaulay} is closed. Then by 
Corollary 4.2 of [C], we have p{M) = dimnCM(M) provided M is equidimensional. 
To prove Theorem 11.21 we need some auxiliary lemmas. 

Lemma 5.1. Let V : Dq G Di G . . . G Dt = M be the dimension filtration of M. 
Denote Vm = {p € SuppM : Mp is not sequentially Cohen-Macaulay} . Then 

(i) Vm = U nCM(A/A-i). 

i=l 

(a) If R is a quotient of a Cohen-Macaulay ring then Vm is closed. 
Proof, (i) is straightforward from Lemma [4. II 

(ii) If is a quotient of a Cohen-Macaulay ring, nCM(Dj/Dj_i) is closed for all i = 
1, . . . ,t. Hence Vm is closed. □ 

Lemma 5.2. Assume that R is a quotient of a Cohen-Macaulay ring. Then 

dim Va/ = max{p(A/A-i) : i = I, ■ ■ ■ ,t}. 

Proof. Since Di/Di_i is equidimensional and i? is a quotient of a Cohen- 
Macaulay ring, dimnCM(Dj/Dj_i) = p{Di/Di_i) by ^ Corollary 4.2]. So by Lemma 
15. H we have 

dim Vm = max{dim nCM(A/A-i) : Vi = 1, . . . , t} 
= max{p(A/A-i) : i = I, . . . ,t}. 

□ 
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Lemma 5.3. Assume that R is a quotient of a Cohen-Macaulay ring. Then 

Pv{M) ^ max{p(A/A-i) : z = 1, • • • , t}. 

Proof. Let x = Xi, . . . , be a good system of parameters of M. We have i{M/xM) = 
i{M/xM + Dt-i) + ^{xM + Dt-i/xM) ^ i{M/xM + A-i) + £(A-i/xA-i). Put 
di = dimDj. Note that xi, . . . ,Xdi is a good system of parameters of Di and xDi = 
{xi, . . . ,Xdi)Di. By induction on t we have 

t 

i{M/xM) ^ . . . ,x,jA + A-i) + i{Do). 

t=i 

Combine this and replace x by x{n), we obtain 
t 

IvMidn)) < E ■ • + A-i) - e(xr, . • • , x^^- A/A-i)) , 

i=l 

and the result follows. □ 
Lemma 5.4. Assume that R is a quotient of a Cohen-Macaulay ring. Then 

dimVM ^p©(M). 

Proof. We will prove that Mp is a sequentially Cohen-Macaulay i?p-module for all prime 
ideals p G SuppM such that dimi?/p > pxi{M). By Lemmas 14.11 and Proposition 14. 3[ 
Mp has the dimension filtration 

Vp : (Ajp c (Ajp c . . . C (Ajp = Mp, 

and there is a good system of parameters x = Xi, . . . , x^ of M such that x^+i, . . . , Xg 
is a good system of parameters of Mp, where r = dimi?/p and s = dimMp + dimi?/p. 
First, we prove that lTip,Mp{xr+i, . . . , x^) = 0. For alH = 1, . . . , ci, we set di = dim A- 
By Lemma 2.4 of |CClj . we have Dj = :m Xi for all dj < i ^ rfj+i- Hence 
e(xi, . . . ,Xi]0 -.M a^j+i) = e(xi, . . . , x,; Dj) if i = dj + 1 for some j and e(xi, . . . , x^; :m 
Xj+i) = otherwise. Moreover, 

-.M Xi+i ~ (0 -.M Xi+i + (Xi+2, • • • , Xd)M)/ (Xi+2, • • • , Xd)M. 

Then, by using Corollary 4.3 of |ABj . we get 

t 

Iv,Mi^) = KM/xM) - J2 • • • , x^,; A) 

i=0 

d-l 

= E e(xi, . . . , Xi; (xi+2, • • • , Xd)M -.m ^i+xl (a;i+2, • • • , Xd)M) 

i=0 
d-l 

- Ee(xi, . . . ,Xi;0 :m 

d-l 

= Ee(xi, . . . ,Xi; (xi+2, • • • ,a;d)M :m Xi+i/(xi+2, • • • , a:d)M + :m a^i+i) 
> e(xi, . . . ,Xi; (xi+2, . . .,Xd)M :m Xi+i/(xi+2, • • ■,Xd)M + :m x^+i), 
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Replacing x by . . . , a;^% Xj+i, . . . , a;^ we obtain 

rii . . .nie{xi, . . . , Xf, {xi+2, • • • , Xd)M :m Xi+i/ (xi+2, • • • , Xd)M + :m x^+i) , 

for all positive integers rii, . . . ,ni, i = 1, . . . ,t. Note that pd{M) is the degree of a 
polynomial bounding above the function Ix,^m{xi'^, ■ ■ ■ , x1\Xi+i, . . . , Xd)- Therefore 

e{xi, ...,Xi] {xi+2, ■ ■ ■,Xd)M -.M Xi+i/{xi+2, ■ ■ ■,Xd)M + :a/ Xi+i) = 

for all i > pt>{M). Let i ^ r > pd{M). By Proposition 4.7 of |AB] we have 
Xj+i ^ q for all q G Ass{M/{xi+2, ■ ■ ■ ,Xd)M + :m a^i+i) such that dimi?/q > i. 
If dim Rfi/qRp > i — r then dim_R/q > i, since i? is catenary. Hence Xj+i ^ qi?p for 
all qRp G Ass(Mp/(a;j+2, . . . , Xs)Mp + Xi+i) such that dim Rp/qRp > i — r. Using 
Proposition 4.7 of |AB] again we have 

e{xr+i, ...,Xi; {xi+2, • • • , Xs)Mp -.m^ Xi+i/ (xi+2, . . . , Xs)Mp + -.m^ Xi+i) = 0, 

for alH > r. Therefore, 

IVp,Mpi^r+l, ■ ■ ■ ,Xs) 
s-1 

= ^ e(a;r+i, . . . , x,; (xi+2, . . . , xjMp ia/^ Xi+i/{xi+2, • • • , a;s)Mp + -.Mp Xi+i) 

i=r 

= 0. 

Finally, by replacing x^+i, . . . , Xs with x'^^^ , . . . , x"" for any positive integers n^+i, . . . ,ns 
we can prove by the same method that Ivp,Mp{x^^i , ■ ■ ■ = 0. Therefore Mp is a 
sequentially Cohen-Macaulay -Rp-module by virtue of Corollary 3.5. □ 

Proof of Theorem II. 2L Theorem 11.21 follows immediately from Lemma 15. 2[ Lemma 
15.31 and Lemma [5.41 

In [C] the invariant p{M) is studied in relations with the non- Cohen-Macaulay 
locus, the annihilators of the local cohomology modules and some others. Combining 
these results and Theorem 11.21 we have the following immediate corollaries. 

Corollary 5.5. Let R be a quotient of a Cohen-Macaulay ring and V : Do G Di G 
. . . G Dt = M the dimension filtration of M . Let k he an integer. The following are 
equivalent: 

(i) pv{M) ^ k. 

(a) For all p G Speci?, dimi?/p > k, Mp is sequentially Cohen-Macaulay and for each 
i = l,...,t, either p ^ Supp{Di/Di_i) or dim R/p -\- dim{Di/Di_i)p ^ dim Di. 

Proof. The corollary is implied from Theorem 11.21 and Theorem 4.1 of [C]. □ 
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Corollary 5.6. Let R be a quotient of a Cohen-Macaulay ring and V : Dq C Di G 
. . . G Dt = M be the dimension filtration of M. Let p G SuppM with dimi?/p ^ 
pv{M). Denote the dimension filtration of Mp byT>p. We have 

PCp(Mp) ^ pv{M) - dimi?/p. 

Proof. By Lemma 14.11 there are Q ^ si < $2 ■ ■ ■ < si ^ t such that the filtration 
Vp : (-Dsjp C (-Dsa)? C . . . C {Ds^)p = Mp is the dimension filtration of Mp. We have 
by Theorem II ■2[ 

□ 

The last example shows that in Theorem 11.21 we can not replace the dimension 
filtration D by a general filtration satisfying the dimension condition. 

Example 5.7. Let R = A;[[Xi, X2, X3]] be the local ring of all formal power series 
with coefficients in a field k. Let I = (X1X3, X1X4, X1X5, X2X3, X2X4, X2X5) and 
M = R/I. Put Ml = (XiX2,X|) + /// C M. Then dim Mi = 2 < dimM and the 
filtration J-" : = Mq C Mi C M2 = M satisfies the dimension condition. It is easy to 
see that Xi = Xi + X4, X2 = X2 + X5, = X3 is a good system of parameters of M 
with respect to J-". By computing directly we obtain 

Consequently, pjr{M) = 0. On the other hand, 

£(M/Mi + ( 3^)M) = nin2n^ + ni + 1, for all ni, n2, > 0. 

Thus p{M/Mi) = 1 and p^(M) < p{M/Mi). 

6 Flat extensions 

In this final section we study the behavior of the invariant pjr{M) under fiat extensions. 
Let (i?, m) — )■ (5, n) be a local flat homorphism of catenary Noetherian local rings. Let 
M be a finitely generated i?-module and J-" : Mq C Mi C . . . C M^ = M a filtration 
satisfying the dimension condition. Since 5* is a fiat extension of R, there corresponds 
to J-" a filtration of submodules of M ®r S 

T ® S : Mo S C Ml ®R S C . . . C Mt S = M ®R S. 

Denote / = dimS/mS and di = dimMj, i = 0, . . . ,t. By [Ma, Theorem 15.1], if R, S 
are catenary then dim M ^r S = d + I and dim Mj ^r S = di + I for i = 0, . . . ,t — 1. 
Thus the filtration J-"^ S satisfies the dimension condition and we obtain the invariant 
Pj^®s{M S) by Theorem 11.11 Keep these notations, we have the following lemma 
before stating the result relating pjr(M) and pjr,^s{M (^r S). 

Lemma 6.1. Let (-R, m) — )■ (S*, n) be a local flat homomorphism of catenary Noetherian 
local rings. Assume that M is a finitely generated R-module and J-' is a filtration 
of submodules of M satisfying the dimension condition. The module M ^r S has a 
good system of parameters xi, . . . , xi+d with respect to the filtration T ®r S such that 
xi-^i, . . . , xi+d is the image of a good system of parameter of M. 
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Proof. Following |CCH Lemma 2.5], there always exists a good system of parame- 
ters . . . , Xi^d of M. Under the flat extension, we obtain a system of parameters 
xi, . . . ,xi, xi+i, . . . , xi+d G n of M ®H S. Moreover, we have 

. . .,xi+d){M S) n (M, S) = ((xz+^^+i, . . ■,xi+d)M n M,) ®rS = 0. 

So Xi, . . . , xi+d is a good system of parameters of M S with respect to J-" ®r S. □ 

Theorem 6.2. Let (f : (-R, m) — )• (5", n) 6e a local flat homomorphism of catenary 
Noetherian local rings and M a finitely generated R-module. Let T : Mq C Mi C . . . C 
Mt = M be a filtration satisfying the dimension condition. Then 

PmRs{M <^R S) = max{dim5'/mS' + pj-(M),dimM + p(S'/mS')}. 

Proof. Put / = dim S/ mS. Following Lemma 16.11 M ®/j S has a good system of 
parameters xi, . . . , xi+d with respect to J-'^S such that x;+i, . . . , xi+d is a good system 
of parameters of M. Put di = dim Mi, i = 0,1, ... ,t. We have 

5 M M Or ^ 



(xi,...,x/) +m5' (xi+i,...,x;+djMi {xi, . . . ,xi+djMi®n S 

Then, 



(xi, . . . ,x,+rfjMi 5" (xi,...,Xi) +m5' (x,+i, . . . , x^+^jMi 
By Lech's formula we obtain 

e(xi, . . . , Xi+d-; Mj S") = e(xi, . . . , x^; S/mS)e{xi+i, xi+d,;Mi). 
Hence we have 

ImRS,M^Rs{xi, . . . , xi+d) =(!■{-, ^'^^n'L^ c ) ~ yi ^(^1' • • • ' ^'^'+'' ^) 

[xi, . . . , xi+d)jyi ^ ~^ 



{xi, . . . ,xi) + mS {xi+i, . . . ,xi+d)M 
t 

- ^ e(xi, . . . , X;; S'/m5')e(x/+i, . . . , Xd^+i; S/mS) 

i=0 

M 

[xi+i, . . . ,xi+d)M 
+ e(xi, ...,xi; S/mS)Ijr^M{xi+i, xi+d), 

where Is/ms{xi, ...,xi)= ^( (^^^..,,f,)+^s ) - e(xi, . . . , x^; S'/mS). Therefore by Thereom 
11.11 we have 

PT^nsiM S) = max{dimS/m5 + j9^(M),dimM + p(^/mS)}. 

□ 
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Therein 16.21 leads to some interesting consequences. 



Corollary 6.3. Keep all hypotheses as in Theorem \6.^ Assume that M has the di- 
mension filtration V. 

(i) If S/mS is Cohen- Macaulay then pjr^^si^ ®R S) = dimS/mS + pjr(M) for any 
filtration J-" satisfying the dimension condition. 

(a) If M is sequentially Cohen- Macaulay then ^^^^^^(M ®r S) = dimM -\- p{S/mS). 

(Hi) M(8>i?, 5* is sequentially Cohen- Macaulay if M is sequentially Cohen- Macaulay and 
S/xnS is Cohen- Macaulay. 

In fact, a module is Cohen-Macaulay if and only if so is its m-adic completion. 
However, it is not the case of the sequentially Cohen-Macaulay property. The reason is 
under a flat base change R ^ S, the dimension filtration of M is not preserved as the 
dimension filtration of M S. Let {R, m) be the two-dimensional domain considered 
by Ferr and- Raynaud in |FR] . It is obvious that R is not sequentially Cohen-Macaulay. 
However, the m-adic completion R has the dimension filtration = Dq G Di G D2 = R 
where dimZ^i = 1 and R/Di is Cohen-Macaulay by |Scht Example 6.1]. Thus i? is a 
sequentially Cohen-Macaulay ring. This shows that the converse of Corollary Y6.'i{ iii) 
does not hold. 

The next corollary of Theorem 16.21 provides a sufficient condition for the sequentially 
Cohen-Macaulay property on a module and its completion. 

Corollary 6.4. Let R he the m-adic completion of R and M a finitely generated R- 
module. Assume in addition that R is catenary. Then p^^^(M) = pd{M). In partic- 
ular, if M is sequentially Cohen-Macaulay then so is M . 
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